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M.  M.  Carroll 

SUMMARY 

Exact  solutions  of  several  problems  which  involve  finite  deformations  of 
homogeneous  isotropic  incompressible  simple  solids  are  obtained  by  the  inverse 
method.  The  deformations  involved  include  bending,  stretching,  shearing,  torsion 
and  both  cylindrical  and  spherical  inflation.  The  corresponding  stresses  are 
expressed  in  terms  of  the  functionals  which  describe  the  material  response  to 
homogeneous  plane  deformations.  The  results  obtained  apply,  in  particular,  to 
incompressible  viscoelastic  solids. 


1 .  INTRODUCTION 

A  general  theory  of  the  nonlinear  mechanical  behaviour  of  materials  with 

.ty. 

memory  was  developed  in  a  series  of  papers  by  Green  and  Rivlin  [l,  3]  and 
Green,  Rivlin  and  Spencer  {2],  and  in  an  alternative  form  by  Noll  [UJ.  The 
theory  applies  equally  to  simple  solids  and  to  simple  fluids  and  there  has 
been  considerable  subsequent  development,  by  several  workers,  in  each  area. 

A  comprehensive  account  of  the  work  prior  to  1965  is  contained  in  the  book 
by  Truasdell  and  Noll  [5]. 

Numbers  in  square  brackets  indicate  references  at  the  end  of  the  paper. 


Despite  the  extensive  theoretical  development,  a  body  of  exact  solutions 
comparable  to  that  obtained  in  finite  elasticity  theory  is  not  presently 
available  for  materials  with  memory,  In  fact,  the  only  area  which  has  proved 
to  be  at  all  fruitful  in  this  regard  is  that  of  steady  viscometric  flow  of 
incompressible  simple  fluids.  The  simplicity  of  such  flows  compensates  suf¬ 
ficiently  for  the  complicated  nature  of  the  material  response,  which  is  modi¬ 
fied  by  the  incompressibility  assumption,  so  that  several  exact  solutions  have 
been  obtained  (see  { 5 3 »  also  the  book  by  Coleman,  Markovitz  and  Noll  [6]  and 
the  review  paper  by  Rivlin  f Y 3 ) • 

Rivlin  [8]  first  observed  the  great  simplification  which  results  in  a 
nonlinear  mechanical  theory  when  the  material  is  assumed  to  be  incompressible. 
This  observation  has  led  to  the  discovery  of  the  above-mentioned  viscometric 
solutions  and  of  several  exact  solutions  In  finite  elasticity  theory  (Rivlin 
[8,  9,  10],  Green  and  Shield  [ll],  Adkins,  Green  and  Shield  [la],  Ericksen 
and  Rivlin  [13],  Ericksen  [Ut],  Klingbeil  and  Shield  [15),  Singh  and  Pipkin 
[l6]).  These  solutions  involve  deformations  which  are  controllable  for  homo¬ 
geneous  isotropic  incompressible  elastic  materials.  A  deformation  is  said  to 
be  controllable  for  materials  of  a  certain  type  if  it  can  be  supported  without 
body  forces  in  every  material  of  that  type.  Problems  involving  controllable 
deformations  can  be  solved  by  the  inverse  method,  in  which  the  deformation  is 
specified  precisely  at  the  outset. 

The  above-mentioned  deformations  of  incompressible  elastic  materials  are 
exact  solutions  of  the  equations  of  equilibrium.  Each  deformation  involves 
some  constant  parameters,  which  may  be  replaced  by  functions  of  time  (amplitude 
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Singh  and  Pipkin  [17]  have  obtained  corresponding  exact  solutions  for  an  in¬ 
compressible  elastic  dielectric. 


functions)  to  give  quasi-static  solutions,  l.e.,  time-dependent  solutions  In 
a  theory  in  which  inertial  effects  are  not  considered.  The  resulting  deforma¬ 
tions  can  then  be  specialized  to  yield  exact  solutions  of  the  equations  of 
motion  (quasi-equilibrated  motions),  by  requiring  the  amplitude  functions  to 
be  such  that  the  acceleration  can  be  expressed  as  the  gradient  of  a  single- 
valued  scalar  potential  (Truesdell  [18]).  Two  special  quasi-equilibrated 
motions,  radial  oscillations  of  cylindrical  tubes  and  of  spherical  shells, 
have  been  considered  by  Knowles  [19]  and  by  Guo  Zhong-Heng  and  Soleckl  [20], 
respectively. 

It  was  shown  in  a  previous  paper  (Carroll  [21])  that  every  deformation 
which  is  presently  known  to  be  controllable  for  homogeneous  isotropic  incom¬ 
pressible  elastic  materials  is  controllable  also  for  homogeneous  isotropic  in¬ 
compressible  simple  materials.  Consequently,  the  inverse  method  may  be  applied 
to  the  solution  of  problems  involving  such  deformations  and  this  is  done  in  the 
present  paper,  mainly  with  regard  to  simple  solids.  Homogeneous  motions  of  in¬ 
compressible  simple  solids  have  been  discussed  by  Coleman  and  Truesdell  [22], 
and  the  torsion  of  a  cylinder  of  isotropic  incompressible  simple  material  with 
fading  memory  was  discussed  by  Christensen  [23] . 

The  constitutive  equations  for  homogeneous  Isotropic  Incompressible  simple 
materials  are  presented  in  Section  2.  These  equations  are  specialized,  in 
Section  3,  for  a  class  of  deformations  for  which  the  (time-dependent)  strain 
matrix  may  be  expressed  as  a  linear  combination  of  four  time -independent 
matrices  with  special  properties.  The  material  response  to  such  deformations 
is  determined  by  three  functionals  of  four  argument  functions. 

Following  a  brief  discussion  of  the  equations  of  motion,  in  Section  h, 
the  class  of  homogeneous  plane  deformations,  i.e.,  homogeneous  plane  strain 
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Such 


superimposed  on  uniform  normal  extension,  is  considered  in  Section  5. 
deformations  are  shown  to  belong  to  the  class  of  deformation  discussed  in 
Section  3,  and  it  is  shown  that  the  material  response  to  homogeneous  plane 
deformations  is  determined  by  two  independent  material  functionals  of  four 
argument  functions.  Two  special  cases  are  considered,  namely  pure  homogeneous 
deformations  (the  material  response  being  determined  by  one  material  functional 
of  two  argument  functions)  and  simple  shear  (the  material  response  being  deter- 
mined  by  three  material  functionals  of  one  argument  function). 

It  is  shown,  in  subsequent  sections,  that  knowledge  of  the  response  of  a 
homogeneous  Isotropic  incompressible  simple  material  to  every  homogeneous  plane 
deformation  suffices  to  determine  the  material  response  to  every  deformation 
which  Is  presently  known  to  be  controllable  for  such  materials.  Consequently, 
the  stresses  corresponding  to  every  such  deformation  can  be  expressed  in  terms 
of  the  material  functionals  which  characterize  the  material  response  to  homo¬ 
geneous  plane  deformation,  and  this  is  carried  out  in  Sections  6-10. 

Extensional,  flexural  and  shearing  deformations  of  a  rectangular  block, 
and  of  an  annular  wedge,  are  discussed  in  Sections  6  and  7>  respectively) 

(these  deformations  represent  slight  generalizations  of  the  corresponding 
deformations  considered  in  elasticity  theory).  The  extension,  inflation,  lend  ng, 
torsion  and  shearing  of  cylinders  and  wedges  is  discussed  in  "notion  6,  and  par¬ 
ticular  cases  are  considered  in  some  detail.  The  inflation  of  a  spherical  shell 
is  discussed  in  Section  9,  and  the  extension,  bending,  and  azimuthal  shearing  of 
an  annular  wedge  is  discussed  in  Section  10. 

The  stresses  corresponding  to  each  of  these  deformations  are  expressed  in 
terms  of  the  material  functionals  which  characterize  the  response  to  homogeneous 
plane  deformation.  Resultant  tractions  are  calculated  in  some  cases,  but  specific 
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deformation  histories  are  not  considered.  In  particular,  it  is  shown  that  (a) 
the  material  response  to  pure  homogeneous  deformation  determines  the  teSponse 
to  extension,  inflation  and  bending  of  cylinders,  (b)  the  response  to  simple 
extension  determines  the  response  to  spherical  inflation  and  (c)  the  response 
to  simple  shear  determines  the  response  to  pure  torsion,  and  to  both  axial  and 
azimuthal  shear. 

An  alternative  method  of  obtaining  the  solutions  discussed  In  Sections  >'•- 
10  is  outlined  in  Section  11,  This  method  Involves  consideration  of  the  local 
deformation  and  of  the  balance  ot  forces  acting  on  a  suitably  choa**ir'  volume 
element.  Finally,  the  various  material  functionals  which  characterize  the  material 
response  to  homogeneous  plane  deformations  are  calculated,  in  the  Appendix,  for  a 
particular  simple  material. 

It  should  be  emphasized  that,  while  the  deformations  considered  are  time- 
dependent,  inertial  effects  are  not  considered,  and  in  this  respect  the  solu¬ 
tions  obtained  are  not  exact.  However,  exact  solutions  of  the  dynamic  equations 
(quasi-equilibrated  motions)  may  be  obtained  by  the  procedure  outlined  above  in 
the  elastic  case.  The  appropriate  restrictions  on  tne  amplitude  functions  for 
the  deformations  considered  in  Sections  6-9  are  listed  in  (5],  and  those  for 
the  deformation  considered  in  Section  10  are  listed  in  [21].  The  equations  which 
govern  radial  oscillations  of  cylindrical  tubes  and  spherical  shells  of  incom¬ 
pressible  simple  material  are  displayed  in  Sections  M  and  9. 

The  emphasis  in  this  paper  is  on  deformations  of  simple  solids  and  the 
solutions  obtained  apply,  in  particular,  to  incompressible  viscoelastic  solids. 
However,  many  of  the  results  apply  also  to  simple  fluids.  For  example,  it  is 
evident  that  several  inhomogeneous  flows,  which  are  independent  of  material 
properties,  are  possible  -  for  example,  radial  (cylindrical  or  spherical)  flow 
with  spatially  uniform  veloc  ity. 


CONSTITUTIVE  EQUATIONS 


The  motion  of  a  body  can  be  described  by  specifying  the  coordinates 
x^(X^,t)  at  time  t  of  the  generic  particle  whose  coordinates  in  an  undeformed 
reference  state  were  X^,  all  coordinates  being  measured  with  respect  to  the 
same  fixed  rectangular  Cartesian  frame  x,  Upper  and  lower  case  Latin  indices 
have  the  range  1,2,3  and  the  usual  summation  convention  is  adopted.  It  will 
sometimes  be  convenient  to  suppress  dependence  on  the  reference  coordinates 
(for  example,  to  write  x^('<)  for  x^X^.f)  )  and  also  to  suppress  dependence 
on  the  present  muts  t,  thus  denotes  x^(t). 

For  a  compressible  simple  material,  the  stress  at  a  given  particle  at 
time  t  is  determined  by  the  values  of  the  displacement  gradients  x  (t) 

*  p  A 

(■  3x^(i:)/dX^)  at  that  particle  at  all  times  up  to  and  Including  the  time  t, 

For  an  incompressible  material  the  displacement  gradients  must  satisfy  the 
incompressibility  condition 

|xi>A(T)|  -  1  .  (2.1) 

For  such  materials,  the  stress  is  determined  only  to  within  an  arbitrary  pressure, 
so  that 

°ij  "  ‘  p  ^ij  +  Sij  >  (2.2) 

where  p  is  arbitrary,  denotes  the  Kronecker  delta  and  the  extra  stress 
is  determined  by  the  history  of  the  deformation  gradients,  thus 

Sij  *  ^  ^ 

The  condition  that  arbitrary  superposed  time-dependent  rigid  rotations  of  the 
body  shall  leave  the  stress  unaltered  with  respect  to  the  body  leads  to  ([1],  f.bj) 


6. 


where 


StJ  "  *i,A  *J,H^AB 


( -  .  !0 


2 1 


K)(l)  “  *1,P(t)  *i,Q(t>  '  * 


PQ 


(2,5) 


If  the  materiel  is  homogeneous,  then  the  form  of  the  functionals  ^  in 

AB 

the  constitutive  equation  (2.B)  is  the  same  for  all  particles.  If  the  material 
is  isotropic  in  the  undeformed  reference  state,  then  (2.U)  has  the  form  ([l], 
Wineman  and  Pipkin  (2h]) 


s •is , 


with 


^C^(t)]t-oo  "  Z^(a)  . Ta);  tr-£(P)^i . V1 


Q-0 


T ,  ,  -  - . ,  "t  m~oa  ■"ao 


1  * - -  ‘0 

(D“l . 6)  • 


(2.7) 


Here  S,  F,  E(t)  and  I  are  3X3  matrices  defined  by  S  -  >  £  “  |J  , 

E(t)  ■  H  Ej^j(t)||  *nd  i  *  H  5^|J  •  £T  denotes  the  transpose  of  F,  tr  X  denotes 
the  trace  of  i  and  the  matrix  functionals  %  are  linear  in  their  matrix 
arguments  . iQ)  (a-0, 1, ---,3) • 

3.  CONSTITUTIVE  EQUATIONS  FOR  A  SPECIAL  CLASS  OF  DEFORMATIONS 


Consider  the  class  of  deformations  for  which  the  strain  matrix  E (X,i;  can 
be  expressed  in  the  form 

2E(X,-t)  -  k( X , T )  K(X)  +^(X,t)  L(X)  +  m(X,t)  M(X)  +  n(X,i)  [N(x)  +  N(X)T]  ,  (3.I) 


7. 


where1  the  time-independent  matrices  X,  L,  M  and  N  have  the  following  properties'-; 
U;  the  set 

K  ,  L  ,  H  ,  N  ,  NT  ,  ^ 

ir.  closed  under  matrix  mul  l  i  pi  teat  Ion  is  the  null  matrix),  with  multiplication 
table 


(ii)  tr  K  *  tr  L  *  tr  M  -  1  ,  tr  N  =  >  (->■ ll) 

(ili)  K  +  L  +  M  -  1  ;) 

By  virtue  of  these  three  properties,  substitution  for  f5(X,t)  from  (i*l) 
the  constitutive  equation  ( . 7 ) j  gives 

4(X,t)  -  ^C(  X,  t)  K(  X)  +  #£(X,  t)L(x)  +-/^(X,t)M(X)  +^(X,t)  (N(x)  +  N(x)T]  ,  (V») 


where 


'AT(X,t)  ;  ^(x,t)  i  m  (X,r)  ;  n(X,T)]^  ^  , 

£(X,t)  =^[k(X»f)  i  ^(X,t)  ;  n  (X,t)  ;  nfX.T)]^  , 

(3.7) 

^2(x,  t)  »^[k(X,T)  ;  ^(X,t)  ;  ffl  (X,T)  ;  n(X,T)  , 

'/2(X,t)  =  /2£k(X,T)  ;  ^(X,t)  ;  m  (X,i)  ;  n(X,T)  J  , 

The  form  of  these  scalar  functionals  is  determined  by  the  form  of  the  matrix 

functionals  (a-C.l, _ ,5)  of  (2.7). 

The  following  symmetry  relations  between  the  functionals  ■&£  ,  £■ ,  'ftl  and  fy 
are  evident  from  (3.3),  (3-4)  flnd  (3.3): 

-jClk  ;  £  ;  m  j  n]  -  #[k;  m  ;  ;  n]  , 

s£[k  ;  t  ;  ™  5  n]  » 'flftk.  ;  IT.  ;  ^  ;  n]  ,  (3.8) 

7?[k  ;  ^  ;  m  ;  nj  =  •/?[ k  ;  m  ;  ;  n]  , 

-/J  [k  ;  £;  m  ;  Oj  -  j(?  [xn.  ;  k  ;  £  ;  0]  =  MllZ  l  m  ;  k  ;  0]  ,  (3-9) 

-4tk  ;  ^  ;  m  ;  Oj  =  0  .  (3*10) 


It  follows  from  (3.8)  that  only  three  of  the  functionals  (3.7)  are  independent. 
It  is  also  evident  from  (3.3),  (3-4)  end  (3.5)  that  4C  >  and  jfl  are  even 
functionals  of  n(T),  while  is  an  odd  functional  of  n(‘t). 

* 

The  response  of  any  homogeneous  isotropic  incompressible  simple  material 
to  deformations  such  that  the  associated  strain  matrix  can  be  expressed  in  the 
form  (3.I)  is  thus  determined  by  three  scalar  functionals  of  four  argument 


* 

In  order  to  avoid  tedious  repetition,  the  words  "simple  material"  will  hence¬ 
forth  be  used  to  mean  "homogeneous  isotropic  simple  material". 
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functions.  It  will  be  shown  in  subsequent  sections  that  the  strain  matrices 
associated  with  a  class  of  homogeneous  deformations,  and  with  all  of  the  in¬ 
homogeneous  deformations  which  are  presently  known  to  be  controllable  for  in¬ 
compressible  simple  materials,  have  the  form  (3-1) • 

It  follows  from  (3.9)  that  the  material  response  to  strains  of  the  form 
(3,1),  with  n(X,'t)  »  0,  is  determined  by  one  scalar  functional  of  three 
argument  functions. 


10. 


where  £  is  a  single-valued  function,  in  which  case  the  inertia  term  in  ( U . 2 )  can 

be  Incorporated  in  the  arbitrary  pressure  gradient  p  , .  Some  special  dynamic 

> 

solutions  are  considered  in  Sections  8  and  9. 

The  tractions  on  a  surface  with  outward  normal  n^  at  t.me  t  are 


Vj 


*P  +  S£J 


(7  9) 


p.  HOMOGENEOUS  PUNE  DEFORMATIONS 
The  deformation  described  by 


x(f)  =  A(t)X  ,  y(-r)  «  c(t)y  +  d(i)Z  ,  2(1)  -  E(t)y  +  f(t)Z 

A(t)  [  C(t)  F(t)  -  D(t)  b(t)  ]  -  1  , 


(5-1) 


where  x(t),  y('r),  *(t)  and  X,  Y,  Z  are  rectangular  Cartesian  coordinates, 
represents  a  homogeneous  plane  deformation,  i.e,,  a  homogeneous  plane  strain 
superimposed  on  uniform  normal  extension.  The  deformation  (5-1)  carries  the 
rectangular  block  bounded  in  the  reference  state  by  the  planes 

X  -  X.’  ,  X"  ;  Y  *  t  ,  Z  -  +  Z’  (5-2) 

into  the  parallelepiped  bounded  at  time  t  by  the  planes 

x  *  AX’  ,  AX"  ;  Fy  -  Dz  -  t  Y'/A  ;  Ey  -  Cz  »  +  Z'/A  .  (5-5) 


The  matrices  K  ,  L  ,  M  and  N  ,  defined  by 


11. 


12. 


* 


the  extra  street  component*  are  independent  of  position,  the  equations  of  motion 
(U.3)  are  satisfied,  p  being  an  arbitrary  function  of  t. 

The  extra  stress  components  (3,7)  say  be  expressed  as  functionals  of  the 
amplitude  functions  C(t),  D(t),  E(t)  and  F(f),  the  normal  stretch  function  A(t) 
being  determined  by  the  incompressibility  condition  (5.1)^,  thus 

Sxx  “  ^11  E(t);  * 

S  -  ^22  [ C( T ) ;  D(t);  E(t);  F(t)]Jb_m  ■  C2  £  +  2C0/l  +  , 

(?.8) 

SZ2  -  Cc(t)j  D(t);  E(t);  F(*r^ ^  £  +  2E?V£  +  T>2Jn  , 

Syz  “^23  [C(T)j  °(T)i  E<T)>  s  ^CF  +  DE^  +  DF^  « 

where  VC  ,  d£  ,  and  'fb  are  functionals  of  the  argument  functions  (5-6).  The 


stress  components  at  time  t  are  given  by 


•p+S  ,  T  ■  -p  +  S  ,  T  *  -p  +  S  , 
xx  yy  yy  zz  r  zz 


T  -  S  ,  T  -  T 
yz  yz  zx  xy 


(5.9) 


Because  of  the  arbitrary  pressure  p  in  (5.9),  0  ,  It  is  evident  that  the  material 

response  to  homogeneous  plane  deformation  may  be  described  completely  by  the 

functional  expressions  for  two  normal  stress  differences  (T  -  T  and  T  -  T  , 

yy  xx  zz  xx 

say)  and  for  the  shear  stress  T  .  These  functionals  ^22'  ^33  an<*  ^23* 
may  be  called  material  functionals,  are  defined  by 


13. 


^22[c(t);  D(t);  E(x)i  P(0 D(f);  E(t)j  F^)]^ 


-  'SllLc(x)i  D(  t )  ;  E(i)j  F(.)]^.w  , 

'y33Cc(T)i  D(0;  E(t);  P(T)jJ--tta  -i55(c  (t);  D(t)j  b(  t)  j  ^  - 

-  ^n[C(t);  D(t);  E(t)  ;  F(T)]Ji>.as  , 
y23lc(r);  D(t);  E(t) ;  P(t) ] ^  ^  2J[c( t) ;  D(r);  g(r);  F(r)]fmmm  . 

By  suitable  choice  of  the  pressure  p,  the  planes  x-constant  may  be  rendered 
free  of  traction,  in  which  case  the  stress  components  (5.9)  become 


T„-°’  Ty, -yse-  v^v  ^x-v0 


Thus,  the  material  functionals  (5.IO)  give  the  nonvanlshlng  stress  components 
corresponding  to  a  homogeneous  plane  deformation,  when  the  fundamental  plane  is 
free  of  traction. 

The  following  symmetry  relations,  which  are  evident  from  physical  considera¬ 
tions,  may  be  verified  from  (3.8),  (5.6),  (5.8)  and  (5.I0): 

4n[C(x)i  D(r);  E(t);  ^u[F(t),  E(t);  D(  t)  ;  , 


'S22tC(r)i  D(t);  e(t);  F(T)]J__m  £„[F(t);  E(t);  0(t)4  C(T)l£ 


t— oe  w33l 


'T--00  • 


^25(C(t);  D(t);  E(t);  E(t);  D(*);  C(^)]‘ 


Tm-00 


^ulC(t);  0;  0;  F(t)]^_w*  ^  1/C(  i)F(  t) ;  0;  0; 

■  ^33[f(t);  0;  0;  l/c(  t)F(  f)  ] 
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(5.10) 


(5-11) 


(5-12) 


(5  13) 


<1  f  •«*•**"» ! 


and 


'S3 


[0(1);  0;  0;  ^  «  0 


(5.1*0 


The  corresponding  symmetry  relations  satisfied  by  thv  material  functionals  can  be 
read  off  from  (5. 10),  (5.12),  (5.I3)  and  (5.IU).  In  particular, 

ys2lc(t)i  0(1);  E(T);  ^[Fi't).  E(i),  D'i);  0(1))^.^  ,  (5.15) 

so  that  only  two  of  the  material  functionals  (5. 10)  are  independent. 

It  will  be  shown  that  knowledge  of  the  response  of  an  incompressible  simple 
material  to  homogeneous  plane  deformation  suffices  to  determine  the  material 
response  to  every  inhomogeneous  deformation  which  Is  presently  known  to  be  con¬ 
trollable  for  auch  materials.  Consequently,  the  stresses  corresponding  to  these 
Inhomogeneous  deformations  can  be  expressed  in  terms  of  the  material  functionals 
(5  10),  and  thia  will  be  done  in  subsequent  sections. 

Two  special  cases  of  the  deformation  (5.1)  will  now  be  considered. 

Case  1.  PURE  HOMOGENEOUS  DEFORMATION 


x(T)  -  A(t)x  ,  y(i)  -  C(t)y  ,  *(t)  -  F(t)z  ;  A(t)  C(t)  F(  t)  -  1 

The  extra  stress  components  corresponding  to  the  pure  homogeneous  deforma¬ 
tion  (5.16)  are  obtained  by  appropriate  specialization  of  (5.8),  and  may  be  ex¬ 
pressed  in  terms  of  a  single  functional  of  the  principal  stretch  functions, 
thus 

Sxx-  ^[C(i);  ,  S  -  ^Cf(t),  A(i)jJ._(w  ,  S^-  ^U(a);  , 


(5-16) 


(5  17) 


s  ■  s  *  s  «  0 

yz  zx  xy 
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where 


*S[c(t);  F^)^,,.,,  »  "8ulc(i);  0,  0j  F(l)]Jt,.4e 


(5.13) 


Is  symmetric  in  ice  argument  functions.  The  symmetry  relations  (5.I2),  (jj.i') 
and  (5  11+)  were  used  in  deriving  (5,17).  The  corresponding  normal  stress 
differences  can  be  expressed  in  the  form 


T  -  T 
yy  xx 


y  [c(i);  P(t)]^_m  ,  Tzz  -  Txx  -  ^  [F(T);  c(t)]J. 


(5.19) 


where 

7/Cc(t);  r(t)^mmm  =  ysslcMl  0 ;  0;  F(t)]‘__  .  ( *5.20) 

Thus,  the  material  functional  ,  defined  by  (5. 20),  completely  describes 
the  material  response  to  pure  homogeneous  deformation.  Observe  that 
t/ [c( t) ;  P( t) ] 5  gives  the  difference  between  the  principal  stress  in  the 

direction  with  stretch  function  C(  t)  and  that  in  the  direction  with  stretch 
function  l/c(t)  F(t)  . 

The  special  case  when  two  of  the  principal  6tretch  functions  are  the  same 

_1, 

(a(t)  -  c(t)  *  f(t)  2  ,  say)  corresponds  to  uniform  extension  in  the  z-directlon 
with  stretch  function  f(t)  The  pressure  p  may  be  chosen  so  that  the  lateral 
boundaries  are  free  of  traction,  in  which  case  the  only  nonvanishing  stress  com* 
ponent  at  time  t  is 

T„  -  V  [F(t);  F(T)'fi  )*mmaa  =  y[F(i)]JB.w  ,  (5  al) 

A 

say.  The  functional  expression  ^  for  the  tension  T  in  terms  of  the  stretch 

zz 

function  F(t)  ,  may  be  called  the  tension  functional  for  the  material 


16. 


Case  2.  SIMPLE  SHEAR 


X<T)  -  X  ,  y<t)  -  Y  +  D^Z  ,  E(t)  -  Z  .  (5.22) 

The  normal  atresa  differences  and  the  shear  stress,  corresponding  to  the  deforma¬ 
tion  (5-22),  may  be  written  as 

Tyy  ‘  Txx  -  fa  *  ^22IlJ  D<T)i  05  l3L«  * 

*  Tx*  “  &  c  V^1*  -  (5-23) 

V  “  “  %i[li  D(T)j  0}  1]?~»  • 

The  material  functionals  4^ g  ,  ^  and  ,  defined  by  (3.23),  completely  de¬ 
scribe  the  material  response  to  simple  shear.  Similar  functionals  were  used  by 
Colemen  and  Noll  [23]  to  discuss  viscometric  flow  of  incompressible  simple  fluids, 

are  even  functionals  of  their  argument 


It  is  easily  verified  that  and  ^ 

function,  while  is  an  odd  functional  of  its  argument  function. 

The  pressure  p  may  be  chosen  so  that  the  plane  of  shear  is  free  of  traction, 
In  which  case  the  stress  components  at  time  t  are 


T  -  0 
xx 


f »<'));  ... 


(5.2’*) 


T  «  T 


yz  (7  "  ■-«  zx  xy 

The  functional  expression  ^ 
of  shear  D(t)  ,  may  be  called  the  shear  functional  for  the  material 


for  the  shear  stress  T  in  terms  of  the  amount 

yz 


6.  BENDING,  STRETCHING,  SHEARING  AND  TORSION  OP  A  RECTANGULAR  BLOCK 

Bending  and  stretching  of  a  rectangular  block  of  elastic  material  was  dis¬ 
cussed  by  Rivlln  [9],  and  was  generalized  by  Erlcksen  [14]  to  Include  axial 


r 


(  • 


shearing.  The  general  deformation  described  by 


r(t)2  «  2A(t)X  .  0(i)  -  C(t)Y  D(t)Z  ,  *(0  -  +  F(i)Z  i 

a(0  [c(Of(t)  -  D(OKO]  -  1  * 

where  r ( t) ,  0(t),  z(t)  are  cylindrical  polar  coordinates,  carried  the  block 
bounded  in  the  reference  state  by  the  planes 


(6.1) 


X  -  X'  ,  X"  ;  Y  -  t  Y'  ;  Z  -  t  Z* 


(6.2) 


into  the  solid  bounded  at  time  t  by  the  cylinders  and  hellcoldal  surfaces 

r  -  /SAX*  ,  /2AX"  j  F0  -  Dz  -  f  Y'/A  ;  E0  -  Cz  -  ;  Z'/A  .  *  (6.j) 


SPECIAL  CASES 
(1)  D  ■  E  -  0 


This  corresponds  to  bending  and  stretching  of  the  block 
into  the  annular  wedge  bounded  at  time  t  by  the  cylinders 
and  planea 


r  -  /SAX'  ,  ic !AX"  ;  9  -  t  CY'  ;  z  «  t  FZ  .  (6.b) 

(ll)  D  ■  0  ,  E  i*  0  This  corresponds  to  a  simple  shearing  of  the  annular 

wedge  (6.1*)  such  that  the  bounding  surfaces  at  time 
t  are 

r  «  /2AX*  ,  fa  AX"  ;  9  -  +  CY'  ;  z  -  E 9/C  -  +  FZ'  .  (6.5) 


The  associated  deformation  considered  in  (lb]  does  not  contain  the  torsion  term 
D(f).  For  an  elastic  material,  such  a  deformation  field  is  not.  less  general  than 
that  described  by  (6.1),  since  the  form  (6.1)  can  be  recovered  by  a  rotation  of 
coordinates  However,  a  more  general  deformation  of  a  rectangular  block  is 
obtained  here,  because  the  case  D(<)  -  0  corresponds  to  a  special  orientation 
of  the  block,  in  its  undcformed  reference  state,  relative  to  the  deformation 
field 
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(ill)  D  f*  0  ,  E  ■  0  .  This  corresponds  to  torsion  of  the  annular  wedge  (6.  it) 

such  that  the  bounding  surfaces  it  time  t  are 

r  -  /2JUC*  ,  /EAX"  i  0  -  Da/F  -  +  BY’  ;  i  -  t  F2‘  , 

The  strain  matrix  associated  with  the  deformation  (6. 1)  la  given  by 

2E( X , t )  a  k(x,i)K  +  ^(X,t)L  +  m(X,*)M  +  n(X,T)  (N  +  NT)  , 


(6.6) 


(6.7) 


where  Che  matrices  K(  L,  M  and  N  are  defined  by  (5,4),  and  where 
k(X,T)  -  A(t)/2X  -  1  ,  ^(x,t)  -  2A(t)c(t)t2X  +  E(“t)2  -  1 

m(X,t)  -  2A(t)D(i)2X  +  F(r)2  -  1  ,  n(X,t)  -  2A(T)C(f)  D(t)X  +  e(t)  F(t) 


(6.8) 


Consequently.  substitution  from  (6.?)  in  the  constitutive  equation  (L.7)^  leads 
to  an  expression  of  the  form  (3.6),  and  substitution  in  (2.6)  gives  the  extra 
stress  matrix  S  .  The  physical  components  of  extra  stress  in  the  cylindrical 
system*  at  time  t  ,  are 

Srr  "  A^/r"  •  s02  -  [CEsf  +  (CF  +  DB)/2  +  DF/^r  , 

SM  "  (C^  +  2CD^  +  D^)«f2  •  Sar  "  0  '  (6.9) 

. 

where  ■k,  l  and  ft  art  functionals  of  the  argument  functions  (6.8). 

Setting  tot  in  (6.1)^  gives  X  ■  r  / 2A  ,  so  that  the  extra  stress  components 
(6.9)  may  be  regarded  as  functions  of  r  and  t  ,  The  equations  of  motion  (4.3) 
are  satisfied  if  p  is  also  a  function  of  r  and  t  ,  of  the  form 

p  -  S  +  f  ( 1  / r )  ( S  -  Sj  dr  . 

r  rr  J  ''  rr  00' 


iy- 


(6.10) 


Observe  that  replacing  the  set  of  amplitude  functions 


A(t)  ,  c(t)  ,  D(t)  ,  E(t)  a»d  ?{t)  ,  (6.11) 

in  the  argument  functions  (^.b)  and  in  the  components  of  extra  stress  ( 5 • T) »  by 
the  set 

A(t)/  4lrk(  t)X  ,  C(  t)  s/2A(t)X  ,  D(t)  •/iXTOX  ,  E(i)  and  F(t)  ,  (6.12) 


respectively,  yields  the  argument  functions  (6.8)  and  the  physical  components 
of  extra  stress  (6.9)  Consequently,  the  extra  stress  components  (6.9)  are 
given  by 


s 

rr 

■411lC(t)r(t);D(T)r(T)}E('t)}P(T)]Jii<i<i  , 

se2.l3lc(TM 

-t);D('Or(t);E(T);F(t)]^_M, 

S0O  “ 

^22(C(T)r('[);D(T)r(t);E(T);F(T)]^_w  , 

s  -  0 

zr 

(6.13) 

S  m 

zz 

Sr0  “  0  * 

and  ^  are  defined 

where 

r('f)  *^2A(t)x  ,  and  the  functionals  ^ 

1  u,  O  22'  ^55 

by  (5-8)  Since  the  substitution  (6.1l),  (6.12)  is  invertible,  the  following 
obtains:  knowledge  of  the  response  of  an  incompressible  simple  material  to 
homogeneous  plane  deformation  suffices  to  determine  the  response  of  a  block  of 
the  material  to  bending,  stretching,  shearing  and  torsion,  and  conversely. 

The  physical  components  of  stress,  obtained  from  (6.10)  and  (6,15),  are 

Trr  “ (1/ax)  V£2Ec(T)r(T);D(T)r(i);E(r);F(T)jJ<i>_wdX  , 

X 

T0z-Vgj(C(T)r(’t);D(f)r(T);E(T);F(i;)]^.oo 

-  Trr+^2(C(T)r(T);D(T)r(i);E(t);F(t)]^i|.w  ,  -  0  ,  (6.14) 

Tez  “  TPr+  V^lc(^)r(  SD(  )r( SE(  t)  s f( t)  _ ,  -  0  , 
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where  the  material  functionals  and  ^ ox,  are  defined  by  {5. 10),  The 

constant  of  integration  in  (6.14)^  is  chosen  so  that  the  plane  X  ■  X"  deforms 
into  a  cylinder  free  ot  traction  The  surface  tractions  which  are  required  to 
maintain  the  deformation  (6  1)  in  the  block  can  be  calculated  from  (4.5)^  and  (6.14). 

The  physical  components  of  stress  corresponding  to  bending  and  stretching  of 
the  block  (Case  (i)  above)  are  found  by  appropriate  specialization  of  (6.14). 

They  can  be  expressed  in  the  form 


Trr  (l/2X)^[c('t)r(’i);  F(t)]J__MdX  ,  T0z  -  0  , 

TS0  "  Trr  JC'Oli..*  •  Tzr  "  0  ’  (6>l5) 

T«z  “  Trr  +  C(T)r(T)]J_  ,  **-<>. 

where  the  material  functional  is  defined  by  (>.20)  Thus,  knowledge  of  the 
material  response  to  pore  homogeneous  deformation  suffices  to  determine  the  re¬ 
sponse  of  a  block  of  the  material  to  bending  and  stretching,  and  conversely. 

The  following  formulae  for  the  resultant  tractions  on  the-  plane  ends 
<?  «  t  0’  «  t  CY1  r 1  *  s/I AX'  5  r  £  r"  -  s/  2AX"  ,  and  on  the  sides  z  »  t  VZ'  , 
of  a  wedge  are  readily  t  :ained  from  (4.5),  together  with  the  equations  of 
motion  (4.j)  written  in  terms  of  the  physical  components  of  stress  (see,  for 
example,  Truesdell  and  Noll  [5],  Sect.  56): 


R  »  -r '  Trr  (r  -*  r ')  , 

H  *  -  k  r'2  T  (1  =  r')  -  /  r  T  ar  ,  (6.I0) 

2  rr  J  ,  rr  v  ' 

r » 

A*  t,f 

»  *  -r'2  h '  T  (r  =  r')  +  O'  /  (iT  -  T  -  f  )rdr 
rr  j  ,  zz  rr  90J 
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Here  R  and  H  denote  the  resultant  normal  force  and  the  resultant  moment  about 
the  axis  r  -  0,  respectively,  per  unit  axial  length  on  the  ends,  while  N  denotes 
the  resultant  normal  force  on  the  aides.  The  condition  that  the  cylinder  r  ■  r’ 
may  also  be  free  of  traction  la,  from  (6.1^)^, 

J*  (1/2X)  y  [c(T)r('r)i  p(t)]^_oo  dX  -  0  (6.17) 

and  the  resultant  force  R  on  the  ends  vanishes  whenever  this  condition  is  met. 

Thus,  if  the  amplitude  functions  are  such  that  the  condition  (6.17)  is  met  for 
all  times  t  ,  the  bending  can  be  effected  by  terminal  couples,  together  with 
normal  forces  on  the  sides  of  the  block. 

7.  STRAIGHTEN  DIG,  STRETCHING  AND  SHEARING  OF  AN  ANNULAR  WEDGE 

Straightening,  stretching  and  shearing  of  an  annular  wedge  of  elastic 
material  has  been  discussed  by  Ericksen  [lb].  The  deformation  described  by 

x('t)  -  ~  a(t)r2  ,  y(x)  »  C(t)©  +  d(t)z  ,  z(t)  -  e(t)6  +  F(~)z  ; 

A(t)  [c(t)f(t)  -  D(t)e(t)]  -  1  , 

carries  the  annular  wedge  bounded  in  the  reference  state  by  the  cylinders  and 
planes 

R  «  R 1  ,  R"  ;  0  -  +  6'  ;  Z  «  t  Z  ’ 


(7-1) 


(7-2) 


into  the  parallel piped  bounded  at  time  t  by  the  planes 


*  -  |  AR' 


2  ,  |  AR"2  ;  Fy  -  D z  -  t  e'/A  ;  Ey  -  Cz  -  +  Z'/A  .*  (7-3) 

SPECIAL  CASES 

(i)  D  •  E  *  0  .  This  corresponds  to  straightening  and  stretching  of  the 

annular  wedge  into  the  rectangular  block  bounded  at  time 
t  by  the  planes 

x  ■  |  AR'2  ,  |  AR"2  ;  y  -  t  C©'  ;  z  -  ±  FZ'  .  (7  >0 

(ll)  D  ■  0  ,  E  +  0  .  This  corresponds  to  a  simple  shearing  of  the  block  (7, 4) 

such  that  the  bounding  planes  at  time  t  are 

x  -  \  AR'2  ,  ~  AR"2  ;  y  -  t  C©'  ;  z  -  Ey/C  -  t  FZ'  .  (7-5) 

( iii)  D  0  ,  E  ■  0  .  This  corresponds  to  a  simple  shearing  of  the  block  (7b) 

such  that  the  bounding  planes  at  time  t  are 

x  -  |aR'2  ,  g  AR"2  ;  y  -  Dz/F  -  t  CB'  5  z  -  +  FZ'  .  (7.6) 

The  strain  matrix  associated  with  the  deformation  (7-l)  1b  given  by 

2E(R,  e,t)  -  k  (R,T)  K(e)  +  £(R,t)  L  (0)  + 

+  ®(R>t)  M(e)  +  n(R,f)  [>»(©)  +H(e)TJ  ,  (7-7) 


The  associated  deformation  considered  in  [lb]  has  the  form  (7-0  with 
D(t)  ■  0  ,  which  way  be  obtained  from  (7-1)  by  a  rotation  of  coordinates. 
However,  a  more  general  deformation  of  an  annular  wedge  is  obtained  here, 
because  the  case  D(t)  “  0  corresponds  to  a  special  orientation  of  the 
wedge  in  its  reference  state  relative  to  the  deformation  field  (7.1). 
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where 


*(R  ,  *)  -  A(t  f-  R2  -  1  , 


,  t)  -  [C(,)2  +  «^}2j/R2  *  1  , 


m(R  ,  t}  -  d(t)2  +  F(t)2  -  1  ,  n{R  ,  t)  -  [c(i)D(t)  +  g(i)F(t)3/R 


(7.8) 


and  the  time -independent  matrices  K{®),  L(©),  H{©)  and  £(©)  ,  defined  by 


2_ 

cos  6 

sine  cose  0 

0 

sin  e 

-sine  co 80 

0 

sin©  cosS 

sin2e 

0 

,  L(e)-  sin©  cos© 

2_ 

COB  © 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

-6  in© 

0 

c 

0 

N(e)-  0 

0 

cos© 

0 

0 

0 

0 

0 

0 

have  the  properties  (i),  (ii)  and  (ill)  listed  in  Section  5.  Consequently, 
substitution  from  (7.7)  in  the  constitutive  equation  (2  7)^  yields  an  ex¬ 
pression  of  the  form  (3.6)  which,  together  with  (2.6),  gives  the  extra  stress 
matrix  S  ,  The  physical  components  at  time  t  are 


(7-9) 


S  -  AdTtK 
xx 


S  -  CE(^/R2  +  (CF  +  DE)V?/R  +  DF ■fit’  , 
yz 


Syy  -  C2«£/R2  +  2CD-/2/R  +  D2At  ,  Szx  -  0 

S  »  B2c^/R2  +  2EF72/R  +  l&M  ,  S  -  0 

zz  xy 


(7-10) 


where  -K  ,  <£  ,  'fil  and  -/l  are  functionals  of  the  argument  functions  (7.8). 

2 

Setting  T  ■  t  in  (7-l)j  gives  R  -  2x/A  ,  so  that  the  extra  stress  com¬ 
ponents  (7.10)  may  be  regarded  as  functions  of  x  and  t  The  equations  of 
motion  (h.3)  are  satisfied  if  p  is  also  a  function  of  x  and  t  , of  the  form 


2k. 


(7.11) 


P  -  sxx  +  P  • 

where  p  le  an  arbitrary  function  oft. 

Comparison  of  (7.8)  and  (7-10)  with  (5 -6)  and  (5  7)  shows  that  the  extra 
stress  components  (7.10)  may  be  written  as 

sxx-^l1(C('f)/R;D('f);E(T)/RjF(l)]!J_.co  ,  Syz~  ^[c(t)/RiD(t)  ;E(t)/R;F(‘0  . 

syy-'S22[c(T)/R;D('v);E('r)/R;F(T)]J_MM  ,  S^-  0  , 

S2l- ^[c(T)/RiD(t);E(t)/R;F(f)]J_.oj  ,  0  , 

the  functionals  n>  ^22'  4  55  and  ^ being  defined  by  (5.8)  Thus,  know¬ 
ledge  of  the  response  of  an  incompressible  simple  material  to  homogeneous  plane 
deformation!  suffices  to  determine  the  response  of  an  annular  wedge  of  the  material 
to  straightening,  stretching  and  shearing,  and  conversely.  It  follows  from  the 
results  of  the  previous  section  that  there  is  a  similar  reciprocal  relationship 
between  the  families  of  deformations  (6  1)  and  (J.l). 

Planes  x-constant  may  be  rendered  free  of  traction  by  setting  p  -  0  in 
(7.11),  In  which  case  the  stress  components  at  time  t  are 

T  -  0  ,  T  -X  [C(t)/R;D(t);E(i)/R;P(t)]!J  , 

XX  yZ  23  1m. on 

Tyy,‘^22[C(T)/R;D(T);E('t)/R;F(T)1T.-»  ’  Tzx*  0  * 
Tz2-3f55[c(T)/RiD(t);E(t)/R;F('f)]^.M  ,  Txy-  0  , 

The  surface  tractions  which  are  required  to  maintain  the  deformation  (7.1)  in 
the  wedge  can  be  calculated  from  (4  5)^  and  (7  13) 


7  •  12) 


(7.13) 


•25- 


The  stress  components  corresponding  to  straightening  and  stretching  of  the 
wedge  (Case  (i)  above)  are  found  by  appropriate  specialization  of  C 7 •  1 3 ) •  They 
can  be  expressed  in  the  form 


T  *  0 
xx 


,  X  -  [C(t)/R;  .  X3Z  -  ^[F(i);  C('.)/RJ^.b  , 


(7.1>0 


x  .  x  -  T  -  0  , 

yz  zx  xy 


where  the  material  functional  ^  is  defined  by  (5.20)  Thus,  knowledge  of  the 
material  response  to  pure  homogeneous  deformation  suffices  to  determine  the  re¬ 
sponse  of  an  annular  wedge  of  the  material  to  straightening  and  stretching,  and 
conversely. 

The  resultant  normal  force  T  and  moment  M  about  the  z-axis  on  the  ends 

y 

y  «  +  C©'  ,  and  the  resultant  normal  force  T2  on  the  sides  z  -  t  FZ'  ,  at  time 
t  ,  are  given  by  substitution  from  (7.1h)  in 

rR"  2  rR"  ^  rR" 

T  *  2AFZ 1  /  T  RdR  ,  H  -  A  FZ'  /  T  ,  R^dR  ,  T  -  2AC0'  /  T  RdR 

y  JR.  yy  JR.  yy  z  JRt  « 


In  particular,  the  condition  that  the  straightening  can  be  effected  without  a 
resultant  force  on  the  ends  of  the  wedge  is 


n  R" 

J  f  C(i)/R;  FCt)]^  RdR  -  0  . 


(7-16) 


8,  EXTENSION,  INFLATION,  BENDING,  TORSION  AND  SHEARING  OF  AN  ANNULAR  WEDGE 

The  extension,  inflation,  bending,  torsion  and  shearing  of  elastic  cylinders, 
tubes  and  wedges  has  been  discussed  by  Rivlin  [9,  lo],  Green  and  Shield  [ 1 1 ] , 
Adkins,  Green  and  Shield  [12]  and  Ericksen  and  Rivlin  (ljJ.  The  general  deforma¬ 
tion  is  described  by 
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(6.1) 


r('r)1-  -  A(-t)R2  +  B(?)  ,  0(t)  «  c(t)6  +  0(t)2  ,  z(t)  -  E(t)©  +  F('t)z  ; 

A(t)  {c(t)f( t>  -  D( t)e(t) ]  -  1 

The  strain  matrix  associated  with  this  deformation  has  the  form  (7-7),  with 


k(R,T)  -  A(t)2R2/r(t)2  -  1  , 

^(R,t)  .  [c(t)2r( t)2  +  E(t)2]/R2  *  1 

m(R.'r)  -  D(T)2r('02  +  F(t)2  -  1 

,  n(R,T)  -  (c(i)D(T)r(t)2  +  E(t)f(t)]/r 

where  r(t)  1b  given  by  (8.1)^  and  the  matrices  K(©)  ,  L(©)  ,  M(©)  and  N(©)  . 
defined  by  (7-9)<  The  extra  stress  matrix  S  may  be  obtained  by  a  procedure 

similar  to  that  outlined  in  the  previous  section.  The  physical  components  > 

extra  stress  at  time  t  are 

Sfr-  A2R2'A7r 2 

S  -  [CFj^/R^  +  (CF  +  DE)'/2-/R  +  DV/)T\r 

oZ 

S0e-  (C2^/R2+  2CD-/2-/R  +  D2/W)r2 

.  szr-  0  , 

S  -  E2^/R2+  2ZY'/lf’R  +  F 2M  , 
zz 

Sr9-  0  * 

where  ■K  ,  of  ,  ’fft  and  ft  are  functionals  of  the  argument  functions  (8.2).  Set 

p  p 

ting  t  ■  t  in  (8. 1)^  gives  R  -  (r  B)/A  ,  so  that  the  extra  stress  components 
(8.5)  may  be  regarded  as  functions  of  r  and  t  .  The  equations  of  motion  (4.3) 
are  satisfied  if  p  is  also  a  function  of  r  and  t  ,  of  the  form  (6,10),  i.e., 

p  -  S  +  f  (1/r)  (S  -  S.Jdr 
r  rr  J  s  '  rr  00 

Comparison  of  (8.2)  and  (8.3)  with  (5.6)  and  (‘>-7)  shows  that  the  extra 
stress  components  (8.3)  may  be  written  as 
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(8.2) 


(8-3) 


(8  7) 


Srr-  ^ntc(’r)r(T)/R;  D(T)r(t);  E(t)/R;  . 


S^z" *^2^[C( t)r(t) /Rj  D(t)r(i);  E(t)/R;  , 


S00- <?22Cc(^)r(T)/R;  D(t)r(i);  E(t)/R;  P( ** ) .  S8r  “  0  « 

8«*"^33Cc'‘t)r(T)/Rf  D(l)r('t);  E'T)/Ri  F(T)lJ—  *  st9-° 


(8.5) 


where  r(t)  Is  given  by  (8.1)^  end  the  material  functional 


s  ^liL,  ^22’  lmi 


*£  2^  are  defined  by  (5.8)  Thus,  knowledge  of  the  response  of  an  incompressible 
simple  material  Co  homogeneous  plane  deformation  suffices  to  determine  the  response 
of  a  cylinder  of  the  same  material  to  extension,  inflation,  bending,  torsion  and 
shearing  The  substitution  which  maps  the  argument  functions  in  (5-8)  onto  the 
argument  funttions  in  (8.5)  can  be  inverted  in  a  number  of  ways,  for  example  with 
B(t)  ■  0  or  with  C{?)  »  1  .  Thus,  knowledge  of  the  material  response  to  extension, 
torsion  and  shearing,  together  with  either  bending  or  inflation,  suffices  to 
determine  the  response  to  homogeneous  plane  deformation. 

The  physical  components  of  stress  at  time  t  ,  obtained  from  (0  4)  and  (8.5), 


„  R 

Trr“ J  (AR/r2)^22(C('t)r(T)/a;D(T)r(t);E(T)/R;F(T)]^_o3  dR  , 

Tgz“  v(^2j[c(  T)r( T )  /R»D('t)r(  t)  »E(  T)/R;  F(t) 

Tee"  Trr+^2LllC('l)r(T)/R;D('t)r(T^E(T)/R;F(T)^.-<-  »  Tzr  “  0  » 
Tzz-  Trr+^,[c(-t)r(t)/R;D(i)r(T);B(T)/R;F(i)]^.oi  ,  Tr(?  -  0  . 


(8.6) 


The  constant  of  integration  in  (8  6)^  is  chosen  so  that  the  cylinder  R  -  R" 
deforms  into  a  cylinder  free  of  traction 
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Some  special  cases  of  the  deformation  (8.1)  will  now  be  considered. 

Case  1.  EXTENSION,  INFLATION  AND  BENDING 

r(T)2-  A(t)tta+  B(t)  „  G(t)  -  C(t)©  ,  z(t)  ■  f(t)Z  *  A(t)C( t)D( t)  -  1  .  (&.j) 


The  physical  component#  of  stress  corresponding  to  the  deformation  (8  j),  which 
are  obtained  by  appropriate  specialization  of  (8,6),  may  be  expressed  in  the  form 


Trr  "  J  „  ^AR/r^)J  «ftC(t)r(t)/R;  F('I)3^,.0#  dR  ,  T0z  -  0  , 

T00  "  Trr  +^tC(T)r(T)/Rj  P('t)^-- »  *  Tzr  ”  0  '  (8,0) 

Tzz  “  Trr  +^[P(T)J  C(,t)r(T)/R]?  '  Tr0  "  0  * 

where  the  material  functional  is  defined  by  (5  20).  Thus,  knowledge  of  the 
material  response  to  pure  homogeneous  deformation  suffices  to  determine  the 
response  to  extension,  Inflation  and  bending.  It  can  easily  be  seen  that  know* 
ledge  of  the  material  response  to  extension  and  inflation,  or  to  extensloh  and 
bending,  suffices  to  determine  the  response  to  pure  homogeneous  deformation. 

The  resultant  tractions  which  are  required  to  support  the  deformation  (8  7) 
in  an  annular  wedge  can  be  obtained  by  substitution  from  (8.8)  In  (6,l6)  In 

particular,  the  condition  that  the  cylinder  R  ■  R'  may  also  deform  into  a 
cylinder  free  of  traction  is 


_  R" 

J  (  (AR/r2)  $[C(T)r(t)/R;  FlOlJ..,  <* 


(M) 


and  when  this  condition  is  met,  the  resultant  tractions  on  the  ends 
6  ■  t  C0'  of  the  wedge  vanish.  Thus,  if  the  amplitude  functions  are  such 
that  the  condition  (8.9)  is  met  for  all  times  t  ,  the  extension,  inflation 
and  bending  can  be  effected  by  terminal  couples,  together  with  normal  forces 
on  the  sides  z  »  t  FZ'  . 
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The  deformation  (8.7).  with  B(t;)  «  0  ,  describes  extension  and  bending 
without  inflation  In  this  case,  the  material  functional  J  in  (8.8)  is  in¬ 
dependent  of  position,  and  the  physical  components  of  stress  at  time  t  are 
given  by 

Trr-  ^  (c(t)A(,oi'  ;  *(*))£.„„  108  R/R"  *  T0(?“  Trr  +  ^  lC(  t)a(t)2  ;  F^))^  , 

-Trr  +^lF(T)i  C(,)A(T^]i—  1 


T.  ■  T  ■  T  .  *  0 
6tt  it  rd 


Case  2.  RADIAL  OSCILLATIONS  OF  A  HOLLOW  CYLINDER 


Inflation,  without  extension,  of  a  hollow  cylinder  is  described  by 


r(t)^  ■  R^  +  B(t)  ,  0(t)  -  0  ,  z(t)  -  Z 


The  corresponding  physical  components  of  stress  at  time  t  are  obtained  by  ap¬ 
propriate  specialization  of  (8.8).  In  particular,  the  pressure  difference  P 
between  the  inner  and  outer  cylinders  is  given  by 

r*R° 

P  -  /  (R/r2)  ^  tr(f)/R;  l]‘  dR  , 

JR,  T  — 

with  r(t)  given  by  (8,11).. 

As  mentioned  previously,  exact  solutions  of  the  dynamic  equations  fli.l)^ 
are  obtained  from  the  quaslstatlc  solutions  considered  thus  far  by  requiring 
that  the  acceleration  have  the  form  ( h . L) .  This  requirement  docs  not  restrict 
the  form  of  the  inflation  function  B(*)  in  (8,11).  The  oquaLlon  which  governs 
the  radial  oscillations  of  a  hollow  cylinder,  subjected  to  a  pressure  difference 
P(t)  ,  is  obtained  by  including  the  appropriate  inertia  terms  in  (8.1,.). 

Analysis  similar  to  that  in  [?]  leads  to  the  equation 


(8.10) 


(8.11) 


(8.10) 


log  (1  “1  y/x^k'  +  [log'l  f  7 /a1-)  -  7/(7  +  +  f(x,?)  =  "?/pR’‘  , 


/  A  1  *  \ 
\  1 J  f 


where 


x(t)  -  t'(t)/R'  ,  u(*)  *  r(x)t/R£'  ,  y  m  R^/R'1-  -  1 


f(x.r) 


1 


l]f  du 

T  «  -« 


(6.110 


and  r'(t)  denotes  the  Inner  radius  of  the  tube  at  time  ?,  Equations  (8  13)  and 
(8.14)  are  the  counterpart  of  the  equations  obtained  by  Knowles  [19]  for  radial 

t 

oscillations  of  a  tube  of  homogeneous  isotropic  incompressible  elastic  material. 
The  relevant  material  property,  in  the  elastic  case,  Is  the  generalized  shear 
modulus  It  can  easily  be  seen,  from  (8  14)^,  that  radial  oscillation*  of  a 
tube  of  Incompressible  simple  material  are  not,  in  general,  determined  by  the 
shear  functional  for  the  material. 


Cate  3.  PURE  TORSION 

r(*t)  *  R  ,  fl(t)  «  9  +  D(t)Z  ,  z(t)  -  Z 


The  physical  components  of  stress  at  time  t  ,  obtained  from  (6.6),  may  be 
written  as 


T„  •  /*  0*>  Js  •  I8,  ‘ 

K 

’98  "  Trr  +  ’  T,r  '  0  ' 

T„  ‘  Trt  *  ■  T,„  *  0  ■ 


where  the  material  functionals  t*’  It)  ®nd  ^  are  defined  by  (6-4*  3)-  Thus, 
knowledge  of  the  material  response  to  simple  shear  suffices  to  determine  the 
response  to  pure  torsion,  and  conversely. 


(8.1S) 


(S  16) 
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The  torsional  couple  T  and  the  resultant  normal  force  N  on  the  ends  of  a 
hollow  cylinder  R'  5  R  S  R”  ,  at  tine  t  ,  ate 
.  R" 

t  *  ^  /,  tyM'W*..***  dR  1 

R 

N  -  •■’tr'1  Trr(R-R')  +  vj  ,  |  ^CdC i)R] }  RdR  ■ 

In  general,  a  pressure 

A  RM 

-Trr  (R-R1)  -  J  (  (1/R)^2[D(T)R]^_M  dR  , 

R 

on  the  inner  cylinder  R»R 1  ,  is  required  to  support  the  deformation  (8  15) 
Christensen  [23]  has  discussed  the  torsion  of  a  solid  cylinder  of  incompressible 
simple  material  with  fading  memory,  and  he  has  observed  that  the  normal  forces 
N  are  not  necessarily  compressive. 

Case  4.  AXIAL  SHEAR 

r( t)  -  R  ,  0(t)  *=  e  ,  z(t)  -  E(t)e  +  z 

The  physical  components  of  stress  corresponding  to  the  deformation  (8.19)  are 
obtained  by  appropriate  specialization  of  (8.6),  and  may  be  written  as 

V  ‘fl  (1/R)  ^3[e(t)/R]?-«  dR 

TM  ■  Trr  +  ■ 

T»  ■  Trr  +  ffet'OWL.  ■ 


T  -  0 
zr 


T  .  ■»  0 

rfl 


(8,1?) 


(8  18) 


(6. 19) 


(3.20) 


Thus,  knowledge  of  the  material  rt-spons  to  simple  shear  suffices  to  determine 
the  response  to  axial  shear,  and  conversely. 


9.  INFLATION  OF  A  SPHERICAL  SHELL 


The  Inflation  of  an  elastic  spherical  ,itll  has  been  di st^ssed  by  Green 
and  Shield  [11].  This  deformation  is  described  by 

r(i)5  -  R5  +  B(t)  ,  9(t)  -  ©  ,  0(t)  -  «  ,  (91) 

where  r(t)  ,  S(t)  ,  0(f)  and  R  ,  6,  ®  denote  spherical  polar  coordinates  at-  time 
T  and  in  the  reference  state,  respectively  The  associated  strain  matrix  is 
given  by 

2E(R,  ©,®)  -  k(R,T)  K(©,®)  +  q(R,7)  2( ©,®)  ,  (9  p) 

where 

k(R,7)  =  R'7r(7)^  -  1  ,  q(R,t)  *  r(t)2/R2  -  1  (93) 

r(t)  being  given  by  (9.1)^,  and 

2  2  2 

sin  ©  cos  ®  sin  ©  sin®  cos®  sin©  cos©  cos® 

K(©,®)  =  sin2©  sin®  cos®  sin2©  sinc®  sin©  cos©  sin®  ,  §(©,®)»I-K(©,®) 

O 

sm©  cos©  cos®  sin©  cos©  sin®  cosc©  (9  A) 

It  is  easily  verified  that 

^  "  £  >  tr  K  =  1  (9-?) 

and  hence 

£2  “  2.  >  K  £  *  £  K  =  0  ,  tr  Q  =  2  (9-6) 

It  is  evident  from  (9-*+)g‘  (9  5)  and  (9-6)  that  the  matrices  K  and  2  >  the  latter 
being  identified  with  the.  matrix  L  +  M  ,  have  the  properties  ( i) ,  (ii)  and  (iii) 
listed  in  Section  J.  Consequently,  substitution  from  (9.2)  In  the  constitutive 
equation  (2.7)^  yields  an  expression  of  the  form  (5  6)  whicbs  together  with 
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(2  6),  gives  the  extra  stress  matrix  S  .  The  physical  components  in  the  spherical 
system  at  time  t  ,  ate 

S,r  -  *U#hk  ,  -  sm  -  rS^/«e  ,  ,0  .  S0I  -  sre  -  o  , 

where  -/C  and  are  functionals  of  the  argument  functions 


k(R,i)  «■  R^/rCt)^  -  1  ,  ^(R,t)  -  m(R,'t)  *  r(t}2 /R2  -  1  ,  n(R, t)  a  0  , 

,  I 

and  t(t)  is  given  by  ( 9 *  1 ) ^ *  Setting  t  ■  t  in  (9-l)j  gives  R  -  -  B)j  ,  so 

that  the  extra  stress  components  (9-7)  may  be  regarded  as  functions  of  r  and  t. 
The  equations  of  motion  (4. 3)  are  satisfied  if  p  is  also  a  function  of  r  and  t, 
of  the  form 


rr 


■f  2 


r<‘"> 


(S 


rr 


*  See^ 


dr 


Comparison  of  (9-8)  and  (9.7)  with  (5.6)  and  (57)  shows  that  the  extra 
stress  components  may  be  written  as 

Srr-^Ir(t)/R;  r(T)/R]^  ,  S0e  -  -^[r(T)/Ri  R 2/r( t)2]^  , 


S00  "  Sj2r  "  BtS  “  ° 


where  the  material  functional  is  defined  by  (5.18).  The  physical  components 
of  stress  at  time  t  ,  obtained  from  (9-9)  and  (9  10),  may  be  written  as 


rr 


!  f  (l/r)^ER2/r(i)2]4B.M  dr  ,  Tge  . 


T90  “  T0r  "  T 


r  0 


where  «7  is  the  tension  functional  defined  by  (5, 21)  and  the  constant  of.  inte¬ 
gration  in  (9.11)^  is  chosen  to  that  the  sphere  r«r"  Is  free  of  traction.  The 


.54 


(9  7) 


(9-8) 


(9  9) 


(9.10) 


(9  ID 


identities 


(9  12) 


Cf(-c);  f(T)]^„-  -'J[f(^)*2] 


C„ 


which  are  evident  from  the  definitions  of  the.  materiel  functionals  ^  and  t/  , 
were  used  in  deriving  (9  ll)  It  follows  from  (9  ll)  that  knowledge  of  the  re¬ 
sponse  of  an  incompressible  simple  material  to  uniform  extension  suffices  to 
determine  the  reponse  of  a  spherical  shell  of  the  material  to  Inflation,  and 
conversely , 

The  pressure  difference  P  ,  at  time  t  ,  between  the  Inner  and  outer  surfaces 
r»r'  and  r-r"  of  a  spherical  shell  subjected  to  the  deformation  (9  1)  is  given  by 


-2  f't  (l/r)£  ER2/r(T)]J__w  dr  . 


(9.13) 


The  requirement  that  the  associated  acceleration  have  the  form  (U.U)  does 
not  restrict  the  form  of  the  inflation  function  b(t)  in  (91).  The  equation 
which  governs  the  radial  oscillations  of  a  spherical  shell,  subjected  to  a 
pressure  difference  P( t)  ,  is  obtained  by  including  the  appropriate  inertia 
terms  In  (9 >13)-  Analysis  similar  to  that  of  Guo  Zhong-Heng  and  Solecki  [20 ] 
leads  to  the  equation 


d_ 

dx 


[1  -  (1  +  7/x^)"3Jx^  x2  j-  +  x2  g(x,7)  ^  yjPx'VpR'2  , 


(9-l4) 


where 


x(*t)  -  r'(t)/R'  ,  u(t)  -  r(T)5/R5  . 


R"5/R’5  -  1 


a3 


g(x,7) - ^  f  [1/u(u-1)]3[u(t)-J  l^du  . 

3  pR'  “'+»' 


(9-15) 


7+X' 

7+1 


Here  R1  and  R"  denote  the  inner  and  outer  radii  of  the  shell  In  ir.s  undeformed 
state,  and  r'('r)  denotes  the  inner  radius  at  time  1  Equations  (9-13)  and  (9  1*0 
are  the  counterpart  of  the  equations  obtained  in  [20]  for  radial  oscillations  of  a 
spherical  shell  of  homogeneous  isotropic  incompressible  elastic  material. 
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10.  EXTENSION,  BENDING  AND  AZIMUTHAL  SHEARING 

Azimuthal  shearing  of  an  elastic  annular  wedge  has  been  discussed  by 
Klingbeil  and  Shield  [ 15 ] >  and  generalized  by  Singh  and  Pipkin  fl6]  to  in¬ 
clude  extension  and  bending.  Such  a  deformation  may  be  described  by 

r( t)  -  A(t)r  ,  6(t)  -  B( t) log  R  +  C(t)0  ,  z(t)  -  F(t)Z;  A^^C^Mt)  .  1  . 

The  associated  strain  matrix  may  be  expressed  in  the  form 

2E(©,t)  «  k(T)K(e)  +  6( t)L(e)  +m(l)M(e)  +  n(T)[N(e)  +  n(©)t]  , 

with 

k(x)  -  F(T)2  -  1  ,  -  A(t)2[1  f  B^)2]  -  1  , 


m(i)  -  A(t)2  C(t)2  -  1 


,  n(t)  -  -A(t)2  B(t)C( t) 


(10.1) 


(10.2) 


(10.3) 
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4  2„ 

sin  © 

-sin©  cos© 

0 

sin©  cos© 

2. 

-cos  ©  0 

M(©)-  -  sin©  cos© 

2 

cos  © 

0 

N(©)«  sin2© 

-sin©  cos©  0 

0 

0 

0 

0 

0  0 

Observe  that  the  set  of  matrices  K,  L,  M  defined  by  (10.4),  0  is  a  permutation 
of  the  set  K,  L,  M  defined  by  (7-9)i  o  ,• 


t 


The  tutrices  defined  by  (10.4)  have  the  properties  (l),  (ii)  end  (lii) 
listed  in  Section  3-  Consequently,  substitution  from  (10.2)  in  the  constitutive 
equation  (2.7)^  yields  an  expression  of  the  fora  (3.6)  which,  together  with  (2.6), 
gives  the  extra  stress  matrix  .  The  physical  components  at  time  t  are 


S0z  "  0  • 

>60  -  AS  (B 2  £  -  2BC  /Z+  C2^l) 

Szr-°  • 

1  -  t24C  , 

zz 

Srfl  -  A2  (B<  -  C4) 

where  •K  ,  *.  ,  -HI  and  'ft  are  functionals  of  the  argument  functions  (10. 3) 

Since  the  extra  stress  components  (10. 5)  are  independent  of-  position,  it  is  easily 
seen  that  the  equations  of  motion  (4.3)  are  satisfied  If  p  is  a  function  of  r  ,  0 
and  t  ,  given  by 

P  "  (Srr  *  W  108  r  +  26SrS  +  p  ’  (10,6) 

where  p  i6  an  arbitrary  function  of  t  . 

Comparison  of  (10. 3)  and  (10. 5)  with  (5.6)  and  (5-7)  shows  that  the  extra 
stress  components  (10  3)  may  be  expressed  in  the  form 

Srr“^22tA(T)i0;  “A(  T)B(T)  T)c('r)  >  s6zm  0  * 

se0--f53[A(T);O;  -A(T)B(f);A(t)c(ir)]Ji>.c8  ,  szr- 0  ,  (107) 

8zz»'ill[A(T);0;  -A(‘0b(*);A(,0c(t)]J-.-  ,  S^-  •  ^25[A(T)rO;-A(T)B(T);A(T)c('r)]^_oo  , 

where  the  functionals  ^22’  ^33  and  "^23  are  deflned  by  (5-8)-  The  physical 

components  of  stress  at  time  t  ,  obtained  from  (10.6)  and  (10.7),  are  given  by 
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T  *■(%/•< 
rr  v  w  22 

^jj)  lo8  r  +  ■£0^*25  “  P#  ' 

T0e“  Trr* 

Tzz“  Trr' *^22  ’ 

T  m  T  o 

A0z  zr 

•  Tr9  ■  -5 

* 

*25  ’ 

£ 

where  p  (*  p  -  is  an  arbitrary  function  of  t  .  and  the  argument  function* 

of  the  material  functionals  Y,,  and  ^  are 
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A(t) ;  0;  -  A(t)B(t);  A(t)c(t)  .  (10.9) 


Thus,  knowledge  of  the  response  of  an  incompressible  simple  material  to  a  restricted 
class  of  homogeneous  plane  deformations  (described  by  (5  l),  with  Tift)  -  0)  suffices 
to  determine  the  material  response  to  extension,  bending  and  azimuthal  shearing. 

Since  the  pressure  p  in  (10.6)  is  a  function  of  both  r  and  6  ,  the  tractions 
which  are  required  to  support  the  deformation  (10.1)  are,  in  general,  rather  com¬ 
plicated.  For  example,  normal  and  tangential  tractions,  which  depend  on  0  ,  are 

* 

required  on  any  cylinder  r  «  constant,  and  the  arbitrary  function  p  can  be  chosen 
so  that  the  normal  traction  vanishes  on  a  generator  9  »  constant 

The  special  case  of  (10.1)  when  B(t)  -  0  was  discussed  in  Section  8  The 
special  case 

r(i)  -  R  ,  0(t)  -  b(t)  log  R  4-  6  ,  z(t)  -  z  (10.10) 

corresponds  to  azimuthal  shearing  without  extension  or  bending.  The  physical  com¬ 
ponents  of  stress  at  time  t  ,  corresponding  co  the  deformation  (10.10),  are 
obtained  by  specialization  of  (10.8)  and  (10.9)  and  may  be  expressed  In  the  form 

'&rB(T)]t--.} iog  r  ■  -  p  *  t9z-  °  • 

V-  Trr+|[B(t)]L  *  Tzr"  0  •  t10*11) 

Tzz-  Trr  ’  Tre-^B<T>C.  1 
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and  arc  defined  by  (5.23)*  Thus, 
knowledge  of  Che  material  response  to  simple  sheer  suffices  to  determine  the 
response  to  azimuthal  shear,  and  conversely 

11.  AN  ALTERNATIVE  PROCEDURE 

A  description  of  the  material  response  to  several  inhomogeneous  deformations 
in  terms  of  the  response  to  homogeneous  plane  deformations  was  effected,  in  pre¬ 
vious  sections,  by  demonstrating  that  each  of  these  deformations  belongs  to  the 
special  class  defined  in  Section  3.  This  description  may  also  be  effected  by  a 
more  elementary  procedure,  beaed  on  consideration  of  the  associated  local 
deformations. 

Evary  deformation  la  locally  inhomogeneous,  in  the  sense  that  the  deforma¬ 
tion  of  a  material  element  which  is  small  in  all  of  its  dimensions  is  homogeneous, 
when  terms  of  the  second  order  of  smallness  are  neglected  Since  the  mechanical 
response  of  a  simple  material  lb  a  local  action,  it  is  not  surprising  that  know¬ 
ledge  of  the  response  to  homogeneous  deformations  suffices  to  determine  the 
response  completely  (see  Truesdell  and  Noll  [5])  Each  of  the  deformations  dis¬ 
cussed  in  Sections  6-10  la  locally  equivalent  to  a  homogeneous  plene  deformation, 
and  the  response  to  each  deformation  can  therefore  be  expressed  in  terms  of  the 
material  functionals  which  characterize  the  response  to  homogeneous  plane 
deformations. 

Consider,  for  example,  the  spherical  inflation  described  by 
r(t)^  »  R'5  +  b(t)  ,  o(  t)  -  8  ,  -  * 


where  the  material  functionals 


h-  h 


.39- 


(11  1) 


This  deformation  carries  the  elementary  cuboid  bounded  in  the  reference  state 
by  the  coordinate  surface# 

S  ,  R  HR  ;  6  ,  6  HB  ;  »  ,  f  ,  (11.8) 

into  the  cuboid  bounded  at  time  a  by  the  coordinate  surfaces 

r(a)  ,  r(a)  +  dr(l)  ;  0(t)  ,  0( t)  -t-  d0('<)  ;  0(a)  :  0(a)  +  d0(t)  (II. 3) 

The  radial,  longitudinal  and  latitudinal  lengths  of  the  cuboid  in  the  reference 
state,  and  at  time  a  ,  are 

dR  ,  a  de  ,  a  sin  e  d$  (11  k) 

and 

dr(a)  ■  (R2/r(a)2)dR  ,  r(a)de(a)  >  (r(a)/R)Rde  ,  r(a)sine(a)d0(a)  ■  (r(a)/R)R  sine  d<t  , 

(11.5) 

2  2 

respectively.  Thus,  the  local  deformation  consists  of  a  radial  stretch  R  /r(T) 
and  equal  longitudinal  and  latitudinal  stretches  r(t)/R  ,  le.,  spherical  infla- 
tion  is  locally  equivalent  to  simple  extension. 

From  this  point  of  view,  It  is  evident  that  the  material  response  to  spherical 
inflation  Is  determined  by  the  response  to  simple  extension  The  extra  stresses 
(9IO)  may  be  written  directly  and  the  pressure  may  be  evaluated  by  considering  the 
balance  of  forces  (including  Inertial  forces,  if  desired)  acting  on  the  elementary 
cuboid  at  time  t  . 

The  various  controllable  deformations  may  be  discussed  in  this  manner,  and 

the  method  of  approach  is  particularly  effective  for  those  deformations  which  are 

locally  equivalent  to  pure  homogeneous  deformation,  or  to  simple  shear.  A  similar 

procedure  was  employed  in  the  recent  report  by  Rlvlin  [’<?(, ]  on  steady  viscooetric  flows. 

* 

This  may  be  seen  more  readily  by  considering  the  deformation  of  the  material  element 
bounded  in  the  reference  sta»e  by  the  spheres  R  ,  K  t  dR  and  by  the  cone  de  . 
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12.  A  P FEND IX  s  OmRMIHAnOS  OP  ‘IKE  MATERIAL  PUMCTXOKALS  FOR  A  PARTICULAR  MATERIAL 


Th*  various  solution*  presented  in  this  psper  Sr*  expressed  in  t«n«  of  the 
material  response  to  homogeneous  plane  deformation.  The  material  functionals 
which  characterize  this  response  may  be  determined  from  the  general  constitutive 
functionals  (2.7),  with  the  analysis  of  Sections  3  and  5  This  calculation  will 
now  be  carried  out  for  a  particular  incompressible  simple  material,  with  constitu¬ 
tive  equations  given  by 

1  •  -  pi  + 1 4  zT  > 

t  t  (12 

-  f  ^(t-T)E(t)dT  +  f  f  <T(t-T1,t-T2)B(t,)*(^)dT1  dt  v 

where  the  kernel  function  if  is  symmetric  in  its  arguments  Pipkin  [27]  ha#  shown 
that  (12.1)  represents  the  second-order  approximation  in  a  Green-Rlvlin  expansion, 
i.e.,  the  integral  expansion  of  (2.7)  in  which  tenna  of  the  third  and  higher  orders 
in  the  atraln  rate  matrix  E(t)  are  neglected.  An  experimental  program  involving 
homogeneous  strains,  for  the  determination  of  the  kernel  functions  in  (12.1).  was 
described  by  Lockett  [28] 

It  will  be  useful  to  Introduce  the  notation 

f  *  fC^)  ,  ■  f(*Q)  5  ( O,  -  1,2)  (12. 

Substitution  from  (5-5)  In  (12. l),  and  use  of  the  multiplication  table  (3  3) 
together  with  (3.6)  gives 


^Ck1^r*1;niJV‘-4/M  ^VVTi  * 

+  n^Jd^  , 

tol5  ^:ffl*’ni 0(t'ti)“id,i +  ^jC/1  +  . 

^Ul}  ^VmVnl]\~A  f^  i3(t-T1)"1dt1  +  ij/_  /_  ♦(t-T1,t-T2)(^14il)iadtldT  . 


(1^.3) 


Substitution  from  (5.6)  in  (l2.j)  leads  to 


K-  If"  Kft-t,)  |j-  (A^dt,  A  ♦<t-,..-2)  i-  <A*)  f_  (Ag,  dT[d,9  , 

*71  ,J<t"Ti>  %  (C1  +  Ef)dTi  + £/_/__  ,;'(t',i’t-,2>[3^ci  +  E(>  TC  (c|  +  «§>  a 

+  d^  (ciDi  +  *iFi>  3^  (c2»2  +  e2P2)j  dTxdT2  , 
n ■  i£  *tMi)  k  «f  *  •?*,  * iflfl  h^v,.,2h^I  a  pf)  j_  A  #  A 

+  d7^  (°1D1  +  E1P1>  (C2D2  +  E2F2)J  dTldT2  » 

■n  ■  i£  A  A  *££ 


(12.!*) 


dTldl2  ' 


The  material  functionals  *nd  V£5  -re  given  (see  (5.8)  and  (5. 10))  by 

substitution  from  (12.4)  in 
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^  22^GV  Dl*  V  ¥l^l— «  *  *  iGD'fl  +  -  A2^C  , 

^  25lci ;  DjJ  Iji  »jlf  w  ■  csj£+  (CP  +  DE)/2  +  DF/>2  * 

And  ^  is  then  given  by  (  5  -  3-55  • 

The  mAteriel  functional  ,  which  characterizes  the  repanse  to  pure  homo¬ 
geneous  deformation,  is  defined  by  (5.20)  and  may  be  determined  by  specialization 
of  (12.4)  and  (12. 5).  It  Is  easily  seen  that 

if  <ci‘  •  *Vi>  *,  + 

*i.e.r.  -  *2wa>  *i*8 . 

A, 

where  A(t)  *  1/C(t)f(t)  .  In  particular,  the  tension  functional  J  »  defined  by 
(5.21),  is 
A  p  t 

£f(t)3^.c#  -  J  i2(t-t1)(F2F1  +  l/iiFFpF1dT1  + 


'  l/w'^>WV,a  - 

The  material  functionals  fs1  1*5  *n'1  I-  characterize  the  reponse  to  simple  shear 
and  are  defined  by  (5.25).  Appropriate  specialization  of  (12.4)  and  (12. 5)  gives 

$2[D^C—  “  f  ^t>Ti>(l  +  DVS^l  +1  f  f  •(t-^.t-t  )[i  +  IjDDj  + 

-06  ^  -OC  ^  -00 

+  D2(l  +  hD^)]^  dt^Tg  , 

■/  »(“■■,. t-yo  *  '>V2>WV\  ■ 

^  y  V/  -CO  v  -oo  w  -«• 

■I  w  “M  v  ■  08 w  -00 

4-  D(  1  +  1»D.D0)]D.D  d T  d T 

i  ci  i  u  J.  c' 
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(12-3) 


(12.6) 


(12,7) 


( 12  8) 
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